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PREFACE
  ..Recall that S or Sym N is the topological group consisting of all`
w xpermutations of N equipped with the natural topology. In Ca Cameron
defines an element of S to be cofinitary if it fixes only finitely many`
elements of N, a subgroup of S to be cofinitary if all its elements other`
than the identity are cofinitary, and goes on to conjecture:
 .0.1. Conjecture Cameron . Every closed cofinitary group is locally
compact.
If true, this would entail that all subgroups of S arising as continuous`
images of closed cofinitary groups are locally compact.
In this paper it is shown that Cameron's conjecture is false in the
following strong sense:
0.2. THEOREM. E¨ery closed subgroup of S is the continuous homomor-`
phic image of a closed cofinitary group.
1. SOME DEFINITIONS AND EXAMPLES
1.1. DEFINITION. S , the infinite symmetric group, is the group of all`
permutations of N. This group is given the topology generated by all
  . 4subbasic open sets of the form g g S : g n s k for n, k g N. A sub-`
group G - S is cofinitary if for all g g G`
'`n g N g n s n « ;n g N g n s n ; .  . .  .
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in other words, only the identity leaves infinitely many points fixed. In
general I will use e to denote the identity of a group element.
The next two examples are only included for convenience of the reader;
w xCa has more general results.
1.2. EXAMPLE. Let H be any countably infinite group, for instance, Z.
 .  .Let h enumerate H. Then for any h g H let s h g S be givenn ng N `
by the specification that for all n, m
s h n s m m h ? h s h . .  . n m
 .   . 4Then s H s s h : h g H is a closed, in fact discrete, cofinitaryd f
subgroup of S .`
 .1.3. EXAMPLE. Let H be a sequence of finite groups with p :i ig N i
 .H ¸ H a surjection. Let h enumerate [H . Let G be theiq1 i i ig N i
  ..  .  .collection of g g  H such that p g i q 1 s g i . For g g G let s gi i i
g S be given by the requirement that for each n, m`
<s g n s m m g ? h s h .  . lhh . n mn
  .   . 4where lh h denotes the supremum of its support, m: h m / 0 , andn n
< <g denotes the element of [H obtained by letting g agree with glhh . lhh .in n
 .on coordinates less than or equal to lh h and equal the identity beyondn
.that point . Here we have a closed, in fact compact, uncountable cofinitary
group.
w xCameron Ca provides an example of a closed cofinitary group that is
neither compact nor countable. On the other hand, if we restrict our
attention to abelian groups then it is easy to show that Examples 1.2 and
1.3 are typical, in the sense that all closed abelian cofinitary groups are
either countable or compact.
1.4. DEFINITION. A topological group G is in¨ariantly metrizable if
there is a metric d compatible with the topology on G such that for all
f , g, h in G
d g , h s d fg , fh s d gf , hf . .  .  .
The class of invariantly metrizable groups includes abelian metric groups
as well as those arising from inverse limits of discrete groups. A metrizable
group G is invariantly metrizable if and only if it has a neighbourhood
 .basis of the identity, U that is closed under conjugation in the sensen ng N
that for all g g G, n g N, U s gU gy1. A more general discussion can ben n
w xfound in BeKe, Ke .
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1.5. LEMMA. Let G be a closed, in¨ariantly metrizable, cofinitary group.
Then G is either discrete or compact.
Proof. Assume G is non-compact. Thus there is some n g N such that
G ? n s g n : g g G 4 .d f
is infinite. Fix this n. Let U be a conjugation invariant basic open set
   . .4contained within h g G: ;k F n h k s k , by the assumption of invari-
ant metrizability. Let us assume that G is not discrete, and so there is
h g G such that
;k F n h k s k n h / e. . .
We will be done if we deduce from all these assumptions that G is not
 .cofinitary. However, for each l g N there is g g G with g n ) l. Since
y1 y1   ..  .gUg s U we have g hg g U and thus h g n s g n . Thus h is not
cofinitary, and therefore, since h / e, neither is G.
Although the results in Section 2 will be group theoretic, the proofs
themselves will be model theoretic. The link between the model theory
and the group theory is provided by:
 .1.6. DEFINITION. Let M be a model with universe N. Then Aut M is
the subgroup of S consisting of all bijections f : N ª N such that for all`
 .n , . . . , n g N and w x , . . . x in the language of M0 l 0 l
M * w n , . . . , n m M * w g n , . . . , g n . .  .  . .0 l 0 l
 .  .Thus Aut M is a closed subgroup of S . We view Aut M as a topological`
group by equipping it with the relative topology induced by S . Further`
discussion of model theory in general and the next theorem in particular
w xcan be found in Ho .
 .  .1.7. THEOREM folklore . E¨ery closed subgroup of S is equal to Aut M`
for some model M with uni¨ erse N.
1.8. Notation. For S a set we let S - N denote all finite sequences from
S, and SN denote all infinite sequences, and for n g N let Sn stand for all
< <sequences of length n from S. Finally let S indicate the cardinality of S.
2. SOME PROOFS
Ultimately we will want to be convinced that every closed subgroup of
S is the image of a closed cofinitary group, and thus obtain the strong`
counterexample to Cameron's conjecture. Before presenting this coun-
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terexample in its full generality, it might be helpful to give a simpler
construction that only shows the conjecture to be false.
In order to produce this simpler construction, we first need a technical
lemma. This lemma asserts the existence of a certain kind of countable
model, with infinitely many equivalence relations, each with finitely many
classes and refining the previous equivalence relations, and such that any
two elements of the model have different equivalence classes with respect
to at least one of these relations. If we then engineer that any n elements
are capable of defining a linear ordering on the equivalence classes of the
nth equivalence relation, E , it will follow that for a / b g M , there willn
 .be an n with a and b E -inequivalent, and hence any g g Aut M that hasn
 .g a s b can leave at most n y 1 many elements of M fixed. If we also
make sure that M has a kind of homogeneity property, then it will follow
 .that Aut M is in some sense large, and therefore not locally compact.
2.1. LEMMA. There is a countable model M with language
 .  . :E , R such that:n ng N n ng N
 . na each E is an equi¨ alence relation with 2 many equi¨ alence classesn
such that
 .ia the equi¨ alence relation E refines E , with each E -equi¨ -nq1 n n
alence class containing two E -equi¨ alence classes;nq1
 .   ..iia for any two a, b g M , ;n aE b « a s b;n
 .b and each R is an n q 2-ary relation such thatn
 .ib for all x , . . . , x , z, y, i - j - n0 ny1
R x , . . . , x , z , y « x / x ; .n 0 ny1 i j
 .  4  4iib if p : 0, . . . , n y 1 ª 0, . . . , n y 1 is a permutation then
; x , . . . , x , z , y R x , . . . , x , z , y .0 ny1 n 0 ny1
« R x , . . . , x , z , y ; . .n p 0. p ny1.
 . X Xiiib for all x , . . . , x , z, y, z , y0 ny1
R x , . . . , x , z , y n zE zX n yE yX « R x , . . . , x , zX , yX ; .  .n 0 ny1 n n n 0 ny1
 .ivb for all x , . . . , x , z, y, w0 ny1
R x , . . . , x , z , y n R x , . . . , x , y , w .  .n 0 ny1 n 0 ny1
« R x , . . . , x , z , w ; .n 0 ny1
 .  .vb for all x , . . . , x , z, y if ; i - j - n x / x then0 ny1 i j
R x , . . . , x , z , y k R x , . . . , x , y , z ; .  .n 0 ny1 n 0 ny1
 .  .vib for all x , . . . , x , z, y if ; i - j - n x / x then0 ny1 i j
R x , . . . , x , z , y n R x , . . . , x , y , z m zE y ; .  .n 0 ny1 n 0 ny1 n
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 .  .  .c and E and R are such thatn ng N n ng N
 .  .ic gi¨ en any finite set S of M , with S ha¨ing size K say , gi¨ en
 .any c g M and l g N, and gi¨ en any sequence of functions H s H ,k k F K
such that each H has domain consisting of subsets of S of size k, and rangek
consisting of linear orderings of MrE the collection of E -equi¨ alencekq1 kq1
.classes , there will exist a g M such that
 .  4iic we ha¨e aE c and for each k F K, b , . . . , b ; S, y, z g Ml 1 k
we further ha¨e
w x w x 4R b , . . . , b , a, y , z m y H b , . . . , b z , .  .kq1 kq1kq1 1 k k 1 k
w x w xwhere y and z correspond to the E equi¨ alence classes of y andkq1 kq1 kq1
 .z, respecti¨ ely; in other words, R b , . . . , b , a, ? , ? induces the linearkq1 1 k
 4.  4ordering H b , . . . , b on MrE , for each k F K and b , . . . , b ak 1 k kq1 1 k
subset of S of size k.
 .  .Proof. Part a of the statement of this lemma asserts that the En
provide a sequence of equivalence relations, each refining the previous
 .into two classes ia such that any two distinct points are distinguished by
 .  .  .some E iia . Part b asserts that R a , . . . , a , ? , ? arranges the En n 0 ny1 n
 .  .  .  ..equivalence classes into some linear ordering iiib , ivb , vb , and vib
 4  .that depends only on the set a , . . . , a iib . We have also required0 ny1
that no such ordering of MrE is definable using less than n manyn
 .  .elements of M ib . Part c asserts that we have built M satisfying these
conditions to be as ``random'' or as ``homogeneous'' as possible.
It is routine to build M by a diagonalization. This is similar to the
w x .Fraõsse style constructions from Section 7.1 of Ho . M will consist of allÈ Â
 4Nfunctions f g 0, 1 that have finite support, in the sense that 'K ;k G
  . .   .  .:K f k s 0 . For f , g g M set fE g if and only if f 1 , . . . , f n sn
  .  .:  .g 1 , . . . , g n . We let S be an increasing sequence of finite subsets ofi
 .M with DS s M. At stage i we define how R a , . . . , a , ? , ? ordersi n 1 n
 4 w xMrE for all finite sets a , . . . , a ; S . For each i g N, c , and Hn 1 n i l
 .described as in ic above for S s S , we make sure to remember at somei
stage j q 1 ) i to choose some b, possibly outside S but within thej
w x   .specified equivalence class c , so that R a , . . . , a , b, ? , ? : n -l nq1 1 n
< <  4 4S , a , . . . , a ; S accords with the values indicated by H.i 1 n i
Observe for future reference that we may as well assume M to have N
as its underlying set.
 .2.2. LEMMA. For M as in Lemma 2.1, Aut M is not locally compact.
Proof. This amounts to showing that for any a , . . . , a in M , there is1 n
  .  .   . .4some b g M such that g b : g g Aut M n ; i F n g a s a is infi-i i
nite. This in turn will require showing that M is in some sense large, and
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wusing a back and forth argument, as can be found in a text such as Ho,
xSect. 3.2 . For purposes of formalizing the back and forth argument, let us
 :say that a sequence s , p , . . . , p is an arrangement if the following all1 n
hold:
 .i the first element s is a finite partial isomorphism on M with
domain of size n, in the sense that there are a , . . . , a g M , constituting1 n
 .the domain of s , such that for all quantifier free formulas F x , . . . in the1
language of M
M * F a , a , . . . , m F s a , s a , . . . ; .  .  . .1 2 1 2
 .ii each p is a permutation of MrE ;k k
 . w x iii the p cohere in that for all c, d g M , k F l F n, c the Ei k k
. w x w x . w x .equivalence class of c includes d if and only if p c > p d ; forl k k l l
w x . w  .xeach i, j F n, p a s s a ;j i j i j
 .  .  .iv conditions i and ii cooperate in the sense that for any k F n,
 . w x . w x .b , . . . , b ; Dom s , c , c g M , d g p c , d g p c1 k 1 2 1 k 1 k 2 k 2 k
R b , . . . , b , c , c m R s b , . . . , s b , d , d ; .  .  . .k 1 k 1 2 k 1 k 1 2
 .  . .v for all a, b g Dom s aE b « a s b .n
w x 4It is perhaps best to think of a : a g M , l F n as forming a binaryl
 .  .  .branching tree. Part ii and the first part of iii states that the p i iF n
 .provides an automorphism of this tree. The second part of iii states that
w x 4they respect how the a : l F n form a branch through this tree for anyi l
 . i F n. At iv we state that the induced linear orderings by the various
 ..R b, ? , ? of the various levels of the tree commute naturally with s andl
 .  .the p . Note that the preservation of quantifier free formulas in il l F n
follows from the other clauses in the definition.
 :Let us also say that an arrangement s , p , . . . , p extends1 n
 X X X : Xs , p , . . . , p if m - n, s extends s , and for all l F m we have1 m
p s p X.l l
 X X X :Claim. Let s , p , . . . , p be an arrangement and let a be any1 m
 :element of M. Then there is an arrangement s , p , . . . , p extending1 n
 X X X :s , p , . . . , p with a in the domain of s .1 m
 4Proof of Claim. We may as well assume that for b , . . . , b the1 m
X w x w x .domain of s , ; i F m b / a . We will then take n s m q 1,i mq1 mq1
X  .and p s p for i F m is forced upon us. Note now that v will bei i
w x 4automatic. Then let p be any permutation of c : n g M such that forn n
w x w x . w x . w x .all c g MrE , p c ; p c , and for all i F m, p b sm m n n m m n i n
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w  .x Xs b ; there are many such permutations which so refine p s p , andi n m m
 . w x .  .in choosing one along with s a g p a we have respected iimq 1 mq1
 .  .  .and iii . We only need to find s a which obeys iv .
 . w x .Now it follows by part c of Lemma 2.1 that we can find a g p aÃ n n
 4such that for each k F m, d , . . . , d g b , . . . , b , c , c g M , c gÃ1 k 1 m 1 2 1
w x . w x .p c , c g p cÃkq1 1 kq1 2 kq1 2 kq1
R d , . . . , d , a, c , c m R s X d , . . . , s X d , a, c , c . .  .  . Ã Ã Ã .kq1 1 k 1 2 kq1 1 k 1 2
X  .  .Then s > s defined by s a s a is as required to satisfy iv forÃ
 :s , p , . . . , p .1 mq1
Since the definition of an arrangement is symmetrical between domain
and range, it follows by an exactly similar argument that given any
 X X X :arrangement s , p , . . . , p and a g M there is an extension of this1 m
 :arrangement, s , p , . . . , p , with a appearing in the range of s . Thus by1 n
 :the usual back and forth arguments, any arrangement s , p , . . . , p can1 n
be extended to an automorphism, in the sense that there must be some
 .f g Aut M with s ; f. Thus we will be finished once we verify the
following claim.
Claim. For a , . . . , a , a in M there are infinitely many b g M for1 n nq1
 :which there is some arrangement s , p , . . . , p with a , . . . , a , a g1 m 1 n nq1
 .  .   . .Dom s and s a s b but ; i F n s a s a .nq1 i i
w x w xProof of Claim. Without loss of generality, i / j « a / a . Iti nq1 j nq1
follows by the assumptions on M that there are infinitely many b g
w x  4  4a such that for each c , . . . , c ; a , . . . , a we have thatnq1 nq1 1 k 1 n
 .  .R c , . . . , c , b, ? , ? and R c , . . . , c , a , ? , ? order MrEkq1 1 k kq1 1 k nq1 kq1
 :identically. For any such b we may then define s , p , . . . , p by the1 nq1
 .  4  .requirement that Dom s s a , . . . , a , s a s a for i F n but1 nq1 i 1
 .s a s b, and that each p be the identity map on MrE .nq1 i i
 .2.3. LEMMA. For M as in Lemma 2.1, Aut M is cofinitary.
 .Proof. Choose g g Aut M and suppose g / e. Then there is a / b g
 .M with g a s b. Then we may find n with a and b E -inequivalent by then
assumptions on M. Now any c , . . . , c g M , will induce a linear ordering1 n
w x w xof the finitely many E -equivalence classes. a and b must occupyn n n
  . .different positions in this finite linear ordering, and so ' i F n g c / c .i i
2.4. COROLLARY. There is a closed cofinitary subgroup of S that is not`
locally compact.
 .Proof. If we take G s Aut M , M as in Lemma 2.1, then it follows by
Lemma 2.3 that G is cofinitary, Lemma 2.2 that G is not locally compact,
and by Theorem 1.7 that it is a closed subgroup of S .`
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The more general theorem has a similar proof.
2.5. THEOREM. E¨ery closed subgroup of S is the continuous homomor-`
phic image of a closed cofinitary group.
 .Proof. Let H be a closed subgroup of S . So H has the form Aut N`
for N some model whose underlying set is N. For ease of notation let us
assume that the language of N has only a single binary relation R. In fact
this is already sufficiently general since it is known that every closed
 .subgroup of S is the continuous homomorphic image of some Aut N`
where N has this form; but, in any case, the proof given below will be seen
to work for arbitrary N without any such restriction.
 .  .We now define a new model, M N , with language E ,n ng N
 . :R , R, F . We require that F be an equivalence relation with everyn ng N
equivalence class infinite and such that it provide a congruence with
respect to R, in the sense that a Fb n a Fb will entail a Rb m a Rb .1 1 2 2 1 1 2 2
 .  .The assumptions on the E , R will be as before, but with then ng N n ng N
further requirement that we have homogeneity even with respect to any
F-equivalence class. More precisely:
 . na each E is an equivalence relation with 2 many equivalencen
classes such that
 .ia the equivalence relation E refines E , with each E -nq1 n n
equivalence class containing two E -equivalence classes;nq1
 .  .   ..iia for any two a, b g M N , ;n aE b « a s b;n
 .b and each R is an n q 2-ary relation such thatn
 .ib for all x , . . . , x , z, y, i - j - n0 ny1
R x , . . . , x , z , y « x / x ; .n 0 ny1 i j
 .  4  4iib if p : 0, . . . , n y 1 ª 0, . . . , n y 1 is a permutation then
; x , . . . , x , z , y R x , . . . , x , z , y « R x , . . . , x , z , y ; .  .0 ny1 n 0 ny1 n p 0. p ny1.
 . X Xiiib ; x , . . . , x , z, y, z , y0 ny1
R x , . . . , x , z , y n zE zX n yE yX « R x , . . . , x , zX , yX ; .  .n 0 ny1 n n n 0 ny1
 .ivb for all x , . . . , x , z, y, w0 ny1
R x , . . . , x , z , y n R x , . . . , x , y , w .  .n 0 ny1 n 0 ny1
« R x , . . . , x , z , w ; .n 0 ny1
 .  .vb for all x , . . . , x , z, y if ; i - j - n x / x then0 ny1 i j
R x , . . . , x , z , y k R x , . . . , x , y , z ; .  .n 0 ny1 n 0 ny1
 .  .vib for all x , . . . , x , z, y if ; i - j - n x / x then0 ny1 i j
R x , . . . , x , z , y n R x , . . . , x , y , z m zE y ; .  .n 0 ny1 n 0 ny1 n
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 .  .  .c and E and R are such thatn ng N n ng N
 .  .  .ic given any finite set S of M N , with S having size K say ,
 .any l g N, any c, d g M N , and given any sequence of functions H s
 .H , such that each H has domain consisting of subsets of S of sizek k F K k
 . k, and range consisting of linear orderings of M N rE the collectionkq1
. w xof E -equivalence classes , there will exists a g c such thatkq1 l
 .  4  .iic for each k F K, b , . . . , b ; S, y, z g M N1 k
w x w x 4R b , . . . , b , a, y , z m y H b , . . . , b z , .  .kq1 kq1kq1 1 k k 1 k
w x w xwhere y and z correspond to the E equivalence classes of ykq1 kq1 kq1
 .and z, respectively; in other words, R b , . . . , b , a, ? , ? induces thekq1 1 k
 4.  .linear ordering H b , . . . , b on M N rE , for each k F K andk 1 k kq1
 4b , . . . , b a subset of S of size k; and moreover a can be chosen so that1 k
 .iiic we have aFd;
 .   . .d the structures M N rF, R and N are isomorphic in the sense
 .that there is an onto map p : M N ¸ N such thatÃ
 .  .  .  .  . .id for all a, b g M N p a s p b m M N * aFb ;Ã Ã
 .  .  .  .  ..iid for all a, b g M N M N * aRb m N * p a Rp b .Ã Ã
 .The existence of such a model M N follows routinely as in the proof of
Lemma 2.1, the point being that each element of N is ``split'' into infinitely
 .many elements of M N , which jointly exhibit all possible behaviours with
 .  . :respect to the original language of E , R . Note moreovern ng N n ng N
 .that part d above guarantees the existence of a continuous homomor-
  ..phism u : Aut M N ª N given by
u g p a s p g a .  .  . .  .Ã Ã
  ..  .   ..for any g g Aut M N and a g M N . Since Aut M N is cofinitary for
the same reasons as applied in Lemma 2.3, we will be finished once it is
shown that u is onto.
To carry forward this final step, let us modify the earlier definition and
 :say that an arrangement s , p , . . . , p is an f-concordance, for f some1 n
 .element of Aut N , if
 .  .i the first element s is a finite partial isomorphism on M N
 4  .with domain of size n; let a , . . . , a be Dom s ;1 n
 .  .ii each p is a permutation of M N rE ;k k
 .  . w x iii the p cohere in that for all c, d g M N , k F l F n, c the Ei k k
. w x w x . w x .equivalence class of c includes d if and only if p c > p d ; forl k k l l
w x . w  .xeach i, j F n, p a s s a ;j i j i j
 .  .  .iv conditions i and ii cooperate in the sense that for any
 .  . w x .k F n, b , . . . , b ; Dom s , c , c g M N , d g p c , d g1 k 1 2 1 k 1 k 2
w x .  .   .  . .p c , R b , . . . , b , c , c m R s b , . . . , s b , d , d ;k 2 k k 1 k 1 2 k 1 k 1 2
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 .  . .v for all a, b g Dom s aE b « a s b ; andn
 .vi for each i F n
p s a s f p a . .  . .  .Ã Ãi i
  . .In this definition we must have in mind that p M N rF, R ( N hasÃ
been previously fixed.
 X X :  .Claim. For any s , p , . . . , p an f-concordance, and a g M N , then1 m
 :there exists an f-concordance s , p , . . . , p extending it with a in the1 n
domain.
Proof of Claim. This is exactly as in the proof of the corresponding
claim from Lemma 2.2. The only difference is that we are now obligated to
y1   ...choose a in the F-equivalence class p f p a ; this we may do by theÃ Ã Ã
 .extra condition iiic .
 .Again a similar claim holds for adding any element of M N to the
 X X :range of s , p , . . . , p , and thus we may obtain that there is some1 m
 .g g Aut M N with
g a g py1 f p a .  . . .Ã Ã
 .for each a g M N , and so
u g s f .
as required.
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